Classical Electrodynamics Chapter 10

Chapter 10. Radiation by Relativistic Charges

In this chapter, I return to EM wave radiation by moving charges, because the relativity background of
the previous chapter will allow us to analyze these effects for arbitrary speed of the radiating particle.
After analysis of such important particular cases as synchrotron radiation and “Bremsstrahlung”
(brake radiation), I will discuss the apparently unrelated effect of Coulomb losses, which nevertheless
will lead us to such important phenomena as the Cherenkov radiation and transitional radiation. In the
end of the chapter I will briefly discuss the effects of back action of the emitted EM radiation on the
charged particle which emits it, and in this context mention the limits of classical electrodynamics.

10.1. Liénard-Wiechert potentials

The starting point for the discussion of radiation by moving charges is provided by Egs. (8.17)
for retarded potentials. In free space these formulas look as

| (pryi=R/C) Hy (i E=RIC) 4
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Here R is the magnitude of the vector,
R=r-r', (10.2)

which connects the source point r’ to the observation point r. As a reminder, Egs. (1) were derived from
the Maxwell equations without any restrictions, and are very convenient for situations with continuous
distribution of charge and current. However, for point charges, with delta-functional p and j, it is more
convenient to recast them into a different form which would not require integration over the r’ space.

Naively, one could suggest the following apparent (but wrong) reduction of Egs. (1) for the point
charge ¢ moving with velocity u:

L 4 e @ _Hoge ,_togu (WRONG!)  (10.3)
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This is a good example how the science of relativity (even special :-) cannot be taken too lightly. Indeed,
the 4-vector (9.84) formed from potentials (3) would not obey the Lorentz transform rule (9.91), because
distance R also depends on the reference frame it is measured in.

In order to correct the error, we need, first of all, to specify what exactly is R for a point charge.
Evidently, in this case, only one space-time point {r’, ¢’} may contribute to integrals (1) for any
observation point {r, t}. The point should be found from equation #’ = ¢ — R/c, i.e.

c(t—1") =|r(0)—r (). (10.4)

Figure 1 depicts the graphical solution of this self-consistency equation as the point of intersection of
the light cone of the observation point (see Fig. 9.9 and its discussion) and the trajectory of the charged
particle. (Formally, there is always another point {r”, ¢t }, with ¢ > ¢, which is also a solution to this
equation, but it should be ignored on the basis of causality arguments.) Let us give index “ret” to all
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variables corresponding to the retarded solution {r’, ¢’) of Eq. (4) e.g., c(t — t’) = Rt (Fig. 1), u{r’, ¢’) =
U, etc, as measured in the “lab” reference frame (generally, the inertial frame moving with the
observation point).

time/

Now, let us write Egs. (1) for a point charge in an inertial reference frame which has, and the
moment ¢’ under consideration, the same velocity (ur) as the charge. In that frame, the particle rests,
and the evident integration yields

q q
— = , A=0, 10.5
¢ 47zeo|r —r'| 4re,R (105)

but let us remember that this R may not be equal to Ry in our definition, because the latter distance is
measured in the “lab” reference frame. Let us rewrite Eq. (5) in the form of components of a 4-vector
similar in structure to Eq. (3):

?:Z‘—;q%, A=0. (10.6)

Now it is easy to guess the correct answer for the whole 4-potential:

ar =t M (10.7)

where (as a reminder), A" = (¢lc, A}, u” = y{c, u},! and R” is also a 4-vector formed similarly to that of
a single world event — cf. Eq. (9.48):

R* ={c(t-t"),R}={c(t—-t"),r—r'}. (10.8)

Indeed, we need 4% which would: (i) obey the Lorentz transform, (ii) have its spatial components
A; scaling as u;, and (ii1) be reduced to the correct result (5) in the reference frame moving with the

I From this point on, I will drop index u in what was called ¥, in Chapter 9, because in what follows there will be
hardly any chance to confuse particle’s velocity u with a reference frame velocity v. Hence, in all formulas below
y=1/(1- u*/c)" = 1/(1- £, Also, note the following relations: 7 = 1/(1- %) and (¥ — 1) = g%/(1- B*) = /S,
which are very handy for the relativity-related algebra.
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charge. Equation (7) evidently satisfies all these requirements, because the scalar product in its
denominator is just

uysR” = yle,~uf-{c(t 1), Ri=y[c*(t—t)—u-R] = c(R-B-R)=cR(1-B-n),  (10.9)
where B = u/c is the normalized velocity of the particle, and n = R/R is a unit vector in the observer’s

direction. In the reference frame of the charge (where B = 0), the denominator is reduced to cR, correctly
reducing Eq. (7) to Eq. (6). Now let us spell out components of Eq. (7) in the lab frame (where R = R):

0 i ‘1( 1 J (10.10a)
4re, (R-B-R), 4me, (R1-PB-n))
SV (LS, | Y, S -5
A_47fq(1’?—l3-Rjret 47ch(R(l—B-n)L - (10.10b)

These formulas are called the Liénard-Wiechert potentials.? In the nonrelativistic limit, they are
equivalent to our first guess (4), but include a denominator which describe the change of the effective
charge of the source due to the apparent change of distance R, at §~ 1. In order to understand it origin,
let us consider a simple 1D model when a charged rod, of length /, moves directly toward the observer

(Fig. 2).

— Il
t' =t % >
b c(t—t) :
| u : . . .
| I T— : Fig. 10.2. The geometrical effect behind
= ' . > factor (I - B-n) in denominator of the
2 u(t, —t,) ] c(t—t,) | Liénard-Wiechert potentials.

Since speed u cannot exceed the speed of light ¢, in order to reach the observer at the same
moment 7, EM radiation from the far end of the rod should leave the source earlier (at moment ¢’ = ¢)
then that from its closer end (at ¢’ = #, > ¢;). However, during this time interval the rod has moved by
distance u(t, — t;) — see the lower panel in Fig. 2. From the evident distance balance,

ct—t)=u(t,—t)+1+c(t-t,), (10.11)
we see that regardless of 7 (i.e. the observer’s position), the time interval between the radiation events,
/ At

Af’Etz—tl:C_u:g, (1012)

is a factor of 1/(1 - f) smaller than what is would be (At = I/c) at negligible source speed. Due to this
time compression,’ the apparent charge density is correspondingly higher, in agreement with Eq. (10), in
which for our simple case we should take B-n = £.

2 These formulas were derived in 1898 by A.-M. Liénard and, independently, in 1900 by E. Wiechert.
3 Note that this time compression effect (linear in ) has nothing to do with the Lorentz time dilation (because all
our arguments refer to the same, lab frame), but is closely related to the Doppler effect.
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So, the charge re-normalization in the Liénard-Wiechert potentials is a simple geometric
phenomenon which is (somewhat counter-intuitively) independent on the source size /, and hence takes
place even in the limit / — 0, e.g., for a point source Here, as we have seen, the 4-vector formalism has
provided a big help for the quantitative description of this effect.

Now, the electric and magnetic field corresponding to the Liénard-Wiechert result may be found
by the plugging Egs. (10) into the general formulas (6.98).4 This operation should be performed
carefully, because Egs. (6.98) require the differentiation over the coordinates {r, ¢} of the observation
point, while we want the result to be expressed via particle’s velocity ue= (dr’/dt ")t Which participates
in Eqgs. (10). In order to find the relation between derivatives over ¢ and ¢’, let us differentiate Eq. (4),
rewritten as

R, =c(t—t), (10.13)

over ¢ and ¢’. In order to calculate derivative OR/0t’, let us differentiate both sides of identity R*=RR
(for brevity, I will omit index “ret” for a while):

2R8—R:2R-6R. (10.14)
ot' ot'
Since OR/0t’ = O(r —r’)/0t’ = -Or’/Ot” = -u, Eq. (14) yields
OR_ROR___ (10.15)
o' R ot
Now let us differentiate the same function R over ¢, keeping r fixed. On one hand, Eq. (13) yields
8—R=c—ca—t. (10.16)
ot ot

On the other hand, according to Eq. (4), if r is fixed, ¢’ is a function of ¢ alone, so that, using Eq. (15),
we have

OR_ORO _ w2 (10.17)
ot ot ot ot
Requiring Egs. (16) and (17) to give the same result, we get
oa___c ! (10.18)

ot _(c—n~u):1—[$~n.

Notice that this is the same factor which participates in the Liénard-Wiechert potentials (10) and
Eq. (12), but in our current context, its another interpretation is perhaps more relevant. At fixed r, the
variation Of of the observation time corresponds to a small vertical shift of the light cone in Fig. 2, while
ot’ is the corresponding shift of the retarded time ¢’, i.e. of the point where the world line r’(¢’) crosses
the light cone of the observation point r(¢). It is evident from that figure that if the particle does not

4 An alternative way to derive Egs. (20) is to plug Eq. (7) into Eq. (9.124) to calculate the field strength tensor,
pop _ Hod 1 d|Ru"-R'u"
4w u, R” dt usR° ’

and then spell out its components, identifying them with fields components, using Eq. (9.125).
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move (i.e. its world trajectory in a vertical straight line), then 0¢” = 0t. On the other hand, if the particles
moves fast (with speed u = c) toward the observation point, its world line crosses the light cone at a
small (“grazing”) angle, so that 0¢’ >> 0, in accordance with Eq. (18).

Since the retarded time ¢’, as the solution of Eq. (3), depends not only on the observation time ¢,
but also the observation point r, so we also need to calculate its corresponding derivative (gradient in r-
space). A calculation, absolutely similar to that carried above, yields

n
Vt'=——F——. 10.19
c(l -B- n) ( )
Using Egs. (18) and (19), the calculation of fields is straightforward but tedious, and I present only its
result:

_q n-p +n><{(n—l3)><l"}} _ (10.20a)
4ze, | 7 (1-B-)'R* (1-B-n)'cR |

The only good news about this uncomfortably bulky result is that a similar differentiation gives
essentially the same result for the magnetic field:
1

B:nme, ie. H=—n_xE. (10.20b)
c Z,

Thus the magnetic and electric fields are always perpendicular to each other, and related just as in a
plane wave — cf. Eq. (7.6),> with the only difference that now vector n,s may a function of time.

As a sanity check, let us use Eq. (20a) as an alternative way to find the electric of a charge
moving without acceleration, i.e. uniformly, along a straight line — see Fig. 9.11 and its discussion. (This
solution will also exhibit the challenges of practical application of the Liénard-Wiechert formulas.) In this
case vector B does not change in time, so that the second term in Eq. (20a) vanishes, so that all we need
is to spell out Cartesian components of the first term. Let us select the coordinate axes and time origin in
the way shown in Fig. 9.11 (see Fig. 3), and make a clear distinction between the “actual” position of
{ut, 0, 0} of the charged particle at the instant  we are considering, and its retarded position r’(¢’),
where ¢’ is the solution of Eq. (13), i.e. the moment when the “signal” from the particle reaches the
observation point r.

Fig. 10.3. Geometry of the linearly
X moving charge problem.

> Superficially, this may seem to contradict to electrostatics where B should vanish while E stay finite. However,
note that according to the Coulomb law for a point charge, in this case E = £n = En,, so that B o« n,xE = 0.
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In these coordinates
B=1{p.0,0, r=10,0,b}, r'_ ={ur' 0,0}, n_ ={cos6,0,sind}, (10.21)

with cosO = -ut /Ry, s0 that [(n - B)y]ret = -ut /R 1t - f, and for the longitudinal component of the electric
field, Eq. (20a) yields

—ut'/R— —ut'— BR
= 4| TwIRZP g | —u'mpR (10.22)
g, |y (I=P-m)"R" |~ 4ze, |y (-B-n)"R° |

But according to Eq. (13), product SR, may be presented as fc(t — t’) = u(t — t’). Plugging this
expression into Eq. (22), we are eliminating the explicit dependence of E, on time ¢
. q —ut
"4 a-pomR],

ret

(10.23)

The transversal components of the field also have a similar form:

-1 {2 Sinf_ 2} A (10.24)
g, |y (1=P-m)°R” | 47r€0;/[(1—[3-n)R]

ret
Hence, the only combination of #” and R, we still need to calculate is [(1 - B-n)R].. From Fig. 3,
Bnet = fcos@ = -Lut’/Ryet, S0 that (1 - Bn)Ryet= Ryt + fut’ =c(t—1t’) + c,th’ =ct-ct ’/;/2. What remains
is to find time ¢’ from the self-consistency equation (4) which in our case (Fig. 3) takes the form

R: =c*(t—t") =b> + (ut")’. (10.25)

ret

y

After solving this quadratic equation (with the appropriate negative sign before the square root, in order
to gett’ <%,

= yzz—[(ft)z -2 -2 /02)]”2 S e TR ) (10.26)
C

we obtain a simple result:

[0-p-mRl, =l +0?) (1027)
4
so that the electric field components are
q yut q ¥
E =- , E = , E =0. 10.28

These are exactly Egs. (9.139) which had been obtained in Sec. 9.5 by simpler means, without
the necessity to solve the self-consistency equation for #’.¢ However, that alternative approach was
essentially based on the inertial motion of the particle, and cannot be used in problems in which particle
moves with acceleration. In those problems, the second term in Eq. (20a), describing EM wave
radiation, is essential and most important.

6 A similar calculation of magnetic field components from Eq. (20b) gives the results identical to Egs. (9.140).
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10.2. Radiation

Let us calculate the angular distribution of particle’s radiation. For that, we need to return to use
Egs. (20) to find the Poynting vector S = ExH, and in particular its component S, = S-n., at large
distance R from the particle. Following tradition, let us express the result as the radiated energy per
unit solid angle per unit time interval d¢’ of the radiation (rather than its measurement), using Eq. (18):
(1]
dp  d&E [ RS dt }
ret

dQ  dQdr

i R, (ExH)-n, (1--n),. (10.29)
At sufficiently large distances from the particle, i.e. in the limit R — o,7 the contribution of the first
(essentially, the Coulomb interaction) term in the square brackets of Eq. (20a) vanishes as 1/R?, so that
we get a key formula valid for arbitrary law of particle motion:

a9 7,4 [nx|o-p)xp]

= Lot : (10.30)
dQ  (47)°  (1-n-P)

Now, let us apply this important result to some simple cases. First of all, Eq. (30) says that a
charge moving with constant velocity B does not radiate at all. (This might be expected from our
analysis of this case in Sec. 9.5, because in the reference frame moving with the charge it produces only
the Coulomb electrostatic field, i.e. evidently no radiation.)

Next, let us consider a linear motion of a point charge, but with finite acceleration — evidently
directed along the same straight line, like it takes place in linear accelerators. With the coordinate axes
directed as shown in Fig. 4a, each of the vectors involved in Eq. (30) has at most two nonvanishing
Cartesian components:

n=1{sin6,0,cos60), B=1{0,0,8} p=10.0,4}. (10.31)
where 6 is the angle between the directions of particle’s motion and radiation propagation.
(a) (b)
X n
0

. . Fig. 10.4. Radiation at linear
0 B B z acceleration: (a) geometry of
the problem, and (b) the last

fraction in Eq. (32) as a
function of angle 6.

Plugging these expressions into Eq. (30) and performing the vector multiplications, we get
a9 _ Z,q* ., sin’@
dQ  (47)’" (1-Bcos)’

(10.32)

7 In this limit, the distinction between points r’ and r is evident (for example, vector n does not depend on
particle’s position), and we may drop index “ret”.
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Figure 4b shows the angular distribution of this radiation, for three values of particle speed. If
particle’s velocity is relatively low (f << 1), the denominator in Eq. (32) is close to 1 for all &, so that
the angular distribution of the radiation power is close to sin°6 - just as required by the general
nonrelativistic formula (8.26). However, as the velocity is increased, the denominator is less than 1 for
0 < /2, i.e. for the forward-looking directions, and is larger than 1 for back directions. As a result, the
radiation toward particle’s velocity is increased (regardless of the acceleration sign!), while that in the
back direction is suppressed. For ultrarelativistic particles (# — 1), this trend is enormously
exacerbated, and radiation to small forward angles dominates. In order to describe this main part of the
distribution, we may expand the trigonometric functions of 6, participating in Eq. (32), into the Taylor
series in small 6, and keep only their leading terms: sinf = 6, cos@= 1 - 6%/2, so that (1 - fcos&) = (1 +
7#0%)/27. The resulting expression,

s 220q2 22, 8 (7‘9)2
e L YA — 10.33
o> 2 P ey (1033)
describes a peak of radiation with a maximum at
6, zi<<l. (10.34)
2y

Note that due to the axial symmetry of the result, and the fact that d®/dQ) = 0 in the exact
direction of particle’s propagation (€ =0), Eq. (40) describes a narrow circular “hollow cone” of
radiation. Another important aspect of this result is how fast does the maximum radiation brightness
grow with the Lorentz factor 7 i.e. with particle’s energy € = ymc>. Still, the total radiated power & at
linear acceleration is not too high for any practicable values of parameters.

In order to show this, this let us first calculate & for an arbitrary motion of the particle. It is
possible to do this by a straightforward integration of Eq. (30) over the full solid angle, but let me
demonstrate how & may be found (or rather guessed) from general relativistic arguments. In Sec. 8.2,
we have derived Eq. (8.27) for the electric dipole radiation for nonrelativistic particle motion. That
result is valid, in particular, of one charged particle whose electric dipole moment’s derivative over time
may be expressed as d(gqr)/dt = (q/m)p, where p is particle’s mechanical momentum. As the result, Eq.
(8.27) (in free space, i.e. with v = ¢) reduces to

2
g %o (id_l’j _ %4 (dp dp) (10.35)
6z \m dt 6rm*ct\ dt dt

This is evidently not a Lorentz-invariant result, but it gives a clear hint how such an invariant,® which
would be identical to Eq. (35) in the nonrelativistic limit, may be formed:

g Zq" (dp, dp”\_ Zyq’ (@jz_L(ﬁjz . (10.36)
6rm*c*\ dr  dr 6m’c’ |\ dr c*\dr

8 Strictly speaking, I would need to prove the (almost evident) fact that & is indeed Lorentz-invariant, but I will
not go into this, because all the “derivation” of Eq. (36) is not much more than an illustration of the heuristic
power of the 4-vector formalism.
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Plugging in the relativistic expressions, p = ymcp, €= ymc?, and dz = dt/y, the last formula may
be recast in the form

7 a* ) )
P2 76[([3)2 (B B)z], (10.37)
6
which may be also obtained by a direct integration of Eq. (30), thus confirming our guess. However, for
most applications, it is beneficial to express & the via the time evolution of particle’s momentum alone.
For that, we may differentiate the fundamental relativistic relation (9.78), & = (mc?)* + (pc)®, over the
proper time 7 to get
2
269 oy, 4 _cpdp A
dr dr dr £ dr dr
where, at the last transition, the magnitude of the relativistic vector relation czp/E = u has been used.
Plugging this relation into Eq. (36), we may rewrite it as

P _ Zoq2 @ 2_ 2 d_p ’
s= 6mm’c’ [(dr) p (a’r] } (10.39)

Note the difference between the squared derivatives: in the first of them we differentiate the momentum
vector p, and only then form a scalar by squaring it, while in the second case, the magnitude of the
vector is differentiated to start with. For example, for a circular motion with constant speed (to be
analyzed in the next section), the second term is zero, while the first is not. However, if we return to the
simplest case of linear acceleration (Fig. 4), then (dp/d 7> = (dp/d1)*, and Eq. (39) is reduced to

g Lot (d_pj (1-p2)= 2ot (d_Pj 1 2y (d_pj, (10.40)

6mmct \dr Cemmicl \dr 2 dt'

(10.38)

4 6’ c?
i.e. formally coincides with nonrelativistic Eq. (35).

In order to get a better feeling of the magnitude of this radiation, we may use the fact that dp/dt
=d&/dz’. This allows us to rewrite Eq. (40) in the following form:

g 2o’ (ﬁ]z _ 24’ dtdtdr _ Z,q® dEdE (10.41)
6mm’ ¢’ \ dz 6mm*c? dz' dt' dz'  6mm’cu dz' dt’
For the most important case of ultrarelativistic motion (z — c), this result may be presented as
o 2
P 2d(E/mc) (10.42)

deidr 3 d(z'Ir)

where 7. is the classical radius of the particle, given by Eq. (8.41). This formula shows that the radiated
power, i.e. the change of particle’s energy due to radiation, is much smaller than that due to the
accelerating field, unless energy as large as mc” is gained on the classical radius of the particle. For
example, for an electron, such acceleration would require the accelerating electric field of the order of
(0.5 MV)/(3x10™"° m) ~ 10'* MV/m, while the practical accelerating fields are below 10° MV/m, limited
by the electric breakdown effects. In the next section, we will see that in circular accelerators, the
radiation is much larger. Such smallness of EM radiative losses is actually a large advantage of linear
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electron accelerators - such as the famous 2-mile-long SLAC (http://www.slac.stanford.edu/) which can
accelerate electrons or positrons to energies up to 50 GeV (7~ 10°).

10.3. Synchrotron radiation

Consider now a charged particle being accelerated in the direction perpendicular to its velocity u
(for example by a the magnetic component of the Lorentz force), so that its speed u, and hence the
magnitude p of its momentum, do not change. In this case, the second term in Eq. (39) vanishes, and it
yields

Z,q> (dp\  Z,q* (dpY
?Z@%%ﬁ&5]:652& i) (1049

Comparing this expression with Eq. (40), we see that for the same acceleration magnitude, the EM
radiation is a factor of # larger. For modern accelerators, with ~ 10*-10°, such a factor creates a huge
difference!

For example, is the particle is on a cyclotron orbit in a constant magnetic field (as was analyzed
in Sec. 9.6), both u and p = ymu obey Eq. (9.150), so that

dp
dr’

2

u , mc
—wp=tty=pr, M 10.44
P=gP ﬁ7<R ( )

so that for the power of this synchrotron radiation, Eq. (43) yields

o _ Zod P ac
7 67 Py R*’
According to Eq. (9.153), at fixed magnetic field (in particle accelerators, limited to a few Tesla
produced by the beam-bending magnets), the synchrotron orbit radius R scales as y, so that according to
Eq. (45), 2 scales as 7, i.e. grows fast with particle’s energy € o 7. For example, for typical parameters
of first electron cyclotrons (such as the General Electric synchrotron in which the synchrotron radiation
was first noticed in 1947), R ~ 1 m, € ~ 0.3 GeV (y~ 600), Eq. (45) gives the electron energy loss per
one revolution, PAt’ = 277PR/c ~ 1 keV. However, already by the mid-1970s, electron accelerators, with
R ~ 100 m, have reached energies € ~10 GeV, and the energy loss per revolution has grown to ~ 10
MeV, becoming the major energy loss mechanism.” However, what is bad for accelerators and storage
rings is good for the so-called synchrotron light sources: electron accelerators designed exactly for the
generation of intensive synchrotron radiation - with the spectrum well beyond the visible light range.
Let us now analyze the angular and spectral distributions of such radiation.

(10.45)

To calculate the angular distribution, let us select the coordinate axes as shown in Fig. 5, with
the origin at the current location of the orbiting particle, axis z along its instant velocity (i.e. vector B),

9 For proton accelerators, such energy loss is much less of a problem, because y of an ultrarelativistic particle (at
fixed &) is proportional to 1/m, so that the estimates, at the same R, should be scaled back by (mp/me)4 ~ 10",
Nevertheless, in the giant modern accelerators such as the LHC (with R = 4.3 km and € = 7 TeV), the synchrotron
radiation loss per revolution is rather noticeable (PAt” ~ 6 keV), leading not as much to particle deceleration as to
substantial photoelectron emission from the beam tube walls, creating harmful defocusing effects.
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and axis x toward the orbit center. In the general case, the unit vector n toward the radiation observer is
not in any of the coordinate planes, and hence should be described by two angles — the polar angle #and
the azimuthal angle ¢ between the x axis and projection OP of vector n on plane [x, y]. Since the length
of segment OP is siné, the Cartesian coordinates of the relevant vectors are as follows:

n= {sin@cowp, sin @sin ¢, cos 0}, B= {0, O,,B}, B = {,B, 0, O}. (10.46)

Fig. 10.5. Geometry of the synchrotron
radiation problem.

Plugging these coordinates into the general Eq. (30), we get

7 ) 2.
=L r0.0) S(0.0)=

ag _ 1 1 sin® @cos” @
dQ

87°(1— Bcosh)’ 7*(1— fcosh)’
Just as at the linear acceleration, in the most important ultrarelativistic limit, most radiation goes to a

narrow cone (of width A@ ~ y' << 1) around vector B, i.e. along the instant direction of particle’s
propagation. For such small angles, and y>> 1, the second of Egs. (47) is reduced to

1 4y°0° cos’ @
0,p)~ 1- . 10.48
f( ¢) (1+}/202)3|: (1+7/262)2 ( )

}, (10.47)
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off-plane
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Fig. 10.6. Angular distribution of
1.5 0 15 .
y0 cos @ the synchrotron radiation at y >> 1.
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The left panel of Fig. 6 shows the angular distribution f{€, ¢) color-coded, in the plane
perpendicular to particle’s instant velocity (in Fig. 5, plane [x, y]), while its right panel shows the
intensity as a function of #in two perpendicular directions: within the particle rotation plane (axis x) and
perpendicular to this plane (axis y). The result shows, first of all, that, in contrast to the case of linear
acceleration, the narrow radiation cone is now not hollow: the intensity maximum is reached exactly at &
= 0, i.e. in particle’s instant direction. Second, the radiation cone is not axially-symmetric: the intensity
drops faster within the particle rotation plane (and even has nodes at 8 = *1/y).

Now let us consider the time/frequency structure of the synchrotron radiation, now from the
point of view of the observer rather than the particle itself. (In the latter picture, due to the axial
symmetry of the problem, the total radiation power & is evidently constant.) Its semi-quantitative picture
may be obtained from the angular distribution we have just analyzed. Indeed, if an ultrarelativistic
particle’s radiation is observed from a point in (or close to) the rotation plane,'? the observer is being
“struck” by the narrow radiation cone once each rotation period, each “strike” giving a pulse of a short
duration Az << @, — see Fig. 7.

(a) (b)

0 ,\ 2r/ o, /\
B(,)
_n

r'(f) r'(4,) B(t,)

t~1/7w,
ﬁ %

Fig. 10.7. (a) Synchrotron radiation “cones” at y>> 1, and (b) the in-plane component of their electric field
observed in the rotation plane — schematically.

The estimate of the time duration At of each pulse, however, requires care: its naive estimate, ~
1/y@., would be wrong. Indeed, such estimate, A#’ ~ 1/yw. is correct for the duration of the time of
particle’s motion while its cone is aimed at the observer. However, due to the time compression effect,
discussed in detail in Sec. 1 and described by Eqgs. (12) and (18), the pulse duration as seen by observer
is a factor of 1/(1 - p) shorter, so that

r:(l—ﬂ)r’~ﬂ~ 31 . (10.49)
j/a)(,’ ]/ a)(‘,

Applying the Fourier theorem to this pattern, we can expect that the frequency spectrum of the
radiation consists of numerous (N ~ > >> 1) harmonics of the rotation frequency ¢, with comparable
amplitudes. However, if the orbital frequency fluctuates even slightly (dw./w. > 1/N ~ 1/9), as it
happens in most practical systems, the radiation pulses are not coherent, so that the average radiation
spectrum may be calculated as that of one pulse, multiplied by number of pulses per second. In this case,
the spectrum is continuous, extending from low frequencies all the way to approximately

o, ~1lt~ro, (10.50)

10 If the observation point is off-plane, or if the rotation speed is much less than ¢, the radiation is virtually
monochromatic, with frequency @..
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In order to verify this estimate, let us calculate the spectrum of radiation, due to a single pulse.
For that, we should first make the general notion of spectrum quantitative. Let us present an arbitrary
electric field (say that of the radiation we are studying now), considered as a function of the observation
time ¢ (at fixed r), as a Fourier integral:!!

= jEwe‘f“’fdt. (10.51)
Let us plug this into the expression for total energy of the EM pulse (i.e. of particle energy’s /oss) per

unit solid angle,!2

—ﬁ— jS (O)R*dt —R—2T|E(t)| dr . (10.52)

This substitution, plus a natural change of integration order, yield

2 +w
j; Izejd J.da)E E,, J.dt G (10.53)

But the inner integral (over ¢) is just 2z @ + ®’).13 This delta-function kills one of the frequency
integrals (say, one over @’), and Eq. (54) gives the result which may be recast as

2
YR g B, 412,52 (cRVEES, (10.54)

—j—g = Iol(w)dw, ()=

0

where the evident frequency symmetry of the scalar product E,-E_, has been utilized to fold the integral
of I(w) to positive frequencies only. The first of Egs. (51) and the first of Egs. (54) make the physical
sense of function /(w) crystal-clear: this is the so-called spectral density of EM radiation (per unit solid
angle per unit pulse).!

In order to calculate the density, we need to express function E,, via E(¢) using the reciprocal
Fourier theorem:

E, = 2i j E(t)e' ™ dt . (10.55)
T —0

In the particular case of radiation by a single point charge, we should use the second term of Eq. (20a):

_ 1 q LT“X{(“‘B)XB}eiwm. (10.56)
27 4mgy, cR 2. (1-B-n)’

2]

I In contrast to the single-frequency case (i.e. a monochromatic wave), we may avoid taking real part of the
complex function (E.e’™) if we require that E., = E,*. However, it is important to remember the factor %
required for the transition to a monochromatic wave of frequency ay: E,= E¢ [X @ - o) + A @ + an)]/2.

12 Note that the expression under the integral differs from d9/dQ defined by Eq. (29) by the absence of term (1 -
B-n) = Or’/ot. This is natural, because this is the wave energy arriving to the observation point r in time interval dt
(rather than dt’).

13 See, e.g. MA Eq. (14.3a).

14 The notion of spectral density may be readily generalized to random processes — see, €.g., SM Sec. 5.4.
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Since vectors n and B are typically known as functions of the radiation (retarded) time ¢’, let us use Eqgs.
(18) to change integration in Eq. (52) from the observation time ¢ to time ¢

E, :LLLT“X {(“—ﬁ)jl‘}exp{iw[tur&}}df. (10.57)
dregy 2r cR Y (1-P-n) c

The strong inequality R >> r’ which we implied from the beginning of this section allows us to consider
the unit vector n as constant and, moreover, to use approximation (8.19) to reduce Eq. (57) to

g, - 4 iexp{i“’”}T“X{(“_B)Xﬂ}exp{iw(r'—“'—r}dﬂ,. (10.58)

_27Z47T80 cR ¢ J° (1-B-n)’ c

Plugging this expression into Eq. (54), we get!>

2

Tn x {(n —B)x B}exp{ia)[ﬂ —ﬂj}dt’ .

% (1-p-m)’ c

Let me remind the reader that 3 inside this integral is supposed to be taken at the retarded point
{r’, t’}, so that Eq. (58) is fully sufficient for finding the spectral density from the law r’(¢’) of particle’s
motion. However, this result may be further simplified by noticing that the fraction before the exponent
may be presented as a full derivative over ¢,

nx{(n—B)de/dt'}_i nx(nxp)
(1-B-n)> “dt'| 1-p-n |

2
I(a)) _ 24

= (10.59)

(10.60)

and working out the resulting integral by parts. At this operation, time differentiation of the parentheses
in the exponent, d(¢’ - n-r’/c)/dt’ =1 - n-u/c = 1 - B:n, leads to the cancellation of the denominator
remains and hence to a surprisingly simple result: 16

Tn x(nxp) exp{ia)(t' L r,j}dt'
S c

Returning to the particular case of synchrotron radiation, it is beneficial to choose the origin of
time ¢’ so that at ¢ * = 0, angle @ takes its smallest value &), i.e., in terms of Fig. 5, vector n is within
plane [y, z]. Fixing this direction of axes in time, we can redraw that figure as shown in Fig. 7. In these
coordinates,

5 2

Z.q°®
-2

(10.61)

n= {0, sing,, cos b, }, r' = {R(l - cosa), 0, Rsin a}, B= {,Bsin a, O,,Bcosa}, (10.62)

where a= w,t’, and an easy multiplication yields

15 Note that for our current purposes of calculation of spectral density of radiation by a single particle, factor
exp{iar/c} has got cancelled. However, as we have seen in Chapter 8, this factor plays the central role at
interference of radiation from several (many) sources. In the context of synchrotron radiation, such interference
becomes important in undulators and free-electron lasers - the devices to be (qualitatively) discussed below.

16 Actually, this simplification is not occasional. According to Eq. (10b), the expression under the derivative is
just the transversal component of the vector-potential A (give or take a constant factor), and from the discussion
in Sec. 8.2 we know that this component determines the electric dipole radiation of the particle (which dominates
in our current case of uncompensated electric charge).
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nx(nxp)= ,B{sin a, sin @, cos @, cosa, —sin” 6, sin a}, (10.63)

exp{ia)[t' - Hj} = exp{ia)[z" _k cos g, sin aj} . (10.64)
c c

Fig. 10.7. Deriving the spectral density of
synchrotron radiation. Vector n is fixed in
plane [y, z], while vectors r’(¢’) and B(¢’)
rotate in plane [x, y] with angular velocity @..

As we already know, in the (most interesting) ultrarelativistic limit ¥ >> 1, most radiation is
confined to narrow pulses, so that only small &~ @.At’~ ' should contribute to the integral in Eq. (61).
Moreover, since most radiation goes to small angles & ~ » ', it makes sense to consider only small
angles @ ~ 7 ' << 1. Expanding both trigonometric functions of these small angles, participating in
parentheses of Eq. (64), into Taylor series, and keeping only terms up to O(y ), we can present them as

Ry RO, RO ] (10.65)

! R 1 ! ! !
(t ——cos0, sma] =|t'-——ot'+——aon.t +
c c c 2 c 6
Since (R/c)aw. = u/c = f~ 1, in two last terms we may approximate this parameter by 1. However, it is
crucial to distinguish the difference of two first terms, proportional to (1 - f)t’, from zero, and as we
have done before we may approximate it with ¢7/257. In Eq. (63), which does not have such critical
differences, we may be more bold, taking!?

nx(mxp)~{a,6,,0}={wt,é, 0. (10.66)
As aresult, Eq. (61) is reduced to
_Zoq2 2 _Zoqzﬂ 2 2)
l(0)= S, +an,| = o (8 +|a,[), (10.67)

where the dimensionless factors
0] @’ i iw W’ 5
a, = a)_[a)ct'exp{y((ﬁoz +y +T"t J}dﬂ, a,= a)IHO exp{;((ﬁg +y )t +T6t j}dﬂ , (10.68)

describe the frequency spectra of two components of the synchrotron radiation, with mutually
perpendicular directions of polarization. Defining a dimensionless parameter

17 By the way, this expression shows that the in-plane (x) component of the electric field is an odd function of ¢’
(and hence ¢ — see its sketch in Fig. 7), while the perpendicular component is an even function of time. Also notice
that for an observer exactly in the rotation plane (&, = 0) the latter component vanishes.
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@ ()2
v=——I0; + , 10.68
30 (o 4 ) ( )

c

and changing the integration variable to &= wt /(6 + y°)"?, integrals (67) are reduced to modified
Bessel functions of the second kind:

_ @ (n 2 i 3. & 23
a, _a)_c(eo +y ):[Oﬁexp{glv(f +?j}d§ —WVKZB(V), (10673)
1) SN 3. §3 23 6
4= 6,002 +77) jw exp{?v(; 5 j}dg T +y_°2 VK, (V). (10.67b)

Figure 8a shows the dependence of amplitudes a, and a, of the normalized frequency v. It is clear
that the in-plane component, proportional to a,, is larger. (The off-plane component disappears
altogether at 6, = 0, i.e. at observation within the particle rotation plane [x, y], due to the evident mirror
symmetry of the problem relative to the plane.) It is also clear that the spectrum changes rather slowly
(note the log-log scale of the plot!) until the normalized frequency, defined by Eq. (68) reaches ~ 1. For
most important observation angles & ~ y this means that our estimate (50) is indeed correct, though
theoretically the frequency spectrum extends to infinity.!8

(a) (b)
1
VK, 3(v) e »
/ /_'_\ 0.8 é/_[KS/B»(é:)dé:
¢
0.6
0.1
VK, (V) 04
0.2
).01
0.01 0.1 1 10 0.01 0.1 1 10
4 4

Fig. 10.8. Synchrotron radiation frequency spectra of: (a) two polarization amplitudes
and (b) the total (polarization- and angle-averaged) radiation.

Naturally, a similar frequency behavior is valid for the spectral density integrated over the full

body angle. Without performing the integration,'” let me give the result (also valid for y>> 1 only) for
reader’s reference:

18 The law of the spectral density decrease at large v may be readily obtained from the second of Egs. (2.158)
which is valid even for any (even non-integer) index n: a, oc a, oc Vi2exp{-v1.

19 See, e.g., the fundamental 5-volume collection E. E. Koch et al. (eds.) Handbook on Synchrotron Radiation (in
5 vols.), North-Holland, 1983-1991 or a more concise monograph A. Hofmann, The Physics of Synchrotron
Radiation, Cambridge U. Press, 2007.
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w
- (10.68)

2 © 2
ii;[(w)dQ:\/gq_%/J‘Ks/a(g)dfa g==
et 4r” 3wy
Figure 8b shows the dependence of this integral on normalized frequency . (This plot is sometimes
called the “universal flux curve”.) In accordance with estimate (50), it reaches maximum at

. w
o 203, ieo,, ~ 26 7. (10.69)
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Fig. 10.9. Design brightness of various synchrotron radiation sources of the NSLS-II facility. For bend
magnets and wigglers, the “brightness” may be obtained by multiplication of the spectral density /()
from one electron pulse, calculated above, by the number of electrons passing the source per second.
(Note the non-SI units, commonly used in the synchrotron radiation community.) However, for
undulators, there is an additional factor due to the partial coherence of radiation — see below. (Data from
document NSLS-1I Source Properties and Floor Layout, available online at http://www.nsls.bnl.gov/.)

For the new National Synchrotron Light Source (NSLS-II) which is under construction very
close to us, in the Brookhaven National Laboratory, with ring circumference of 792 m, the electron
revolution period T will be 2.64 us. Calculating @, as 27/ ~ 2.4x10° s, for the planned y =~ 6x10° (€ =
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3 GeV),20 we get mmax ~ 3x10'7 s, corresponding to photon energy fdma~ 200 eV (soft X-rays). In the
light of this estimate, the reader may be surprised by Fig. 9 which shows the projected spectra of
radiation which this facility is designed to produce.

The reason of this discrepancy is that in NLLS-II, and in all modern synchrotron light sources,
most radiation is produced not by the circular orbit itself, but using special devices inserted into the
electron beam path. These devices include:

- bend magnets with magnetic field stronger than the average field on the orbit, which, according
to Eq. (9.112), produce higher effective value of @, and hence of @iax,

- wigglers and undulators: strings of several strong magnets with alternating field direction (Fig.
10), which induce periodic bending of electron trajectory, with radiation emitted at each bend.

Magnetic
Field
Fig. 10.10. The generic magnetic structure
common for wigglers, undulators and free-
electron lasers. Adapted from http:/www-

xfel.spring8.or.jp/cband/e/Undulator.htm

The difference between wigglers and undulators is more quantitative than qualitative: the former
devices have a larger spatial period A (distance between the adjacent magnets of the same polarity, see
Fig. 10), giving enough space for the magnetic beam to bend by an angle larger than » ', i.e. larger than
the radiation cone angle. As a result, the pulses radiated at each period arrive to an in-plane observer as
a series of individual pulses (Fig. Fig. 11a). The shape of each pulse, and hence its frequency spectrum,
are similar to those discussed above,2! but with much higher local values of @. and @m.x — see Fig. 9.
Another difference is a much higher frequency of the peaks. Indeed, the fundamental Eq. (18) allows us
to calculate the time distance between them, for the observer, as

Atngt’z(l—ﬂ)&z 12&«&, (10.70)
ot' u 2y c c

where the first two relations are valid at 4 << R (the relation typically satisfied very well, see Fig. 9),
and the last two relations also require the ultrarelativistic limit. As a result, the radiation intensity, which
is proportional to the number of poles, is much higher than that from the bend magnets — in the NLSL-II
case, more than by 2 orders of magnitude, clearly visible in Fig. 9.

20 By modern standards, this energy is not too high. The distinguished feature of NSLS-II is its unprecedented
electron beam intensity (planned average beam current up to 500 mA) which should allow an extremely high
synchrotron “brightness” /().

21 A small problem for the reader: use Eq. (66) to explain the difference between shapes of pulses generated at
opposite magnetic poles of the wiggler, which is schematically shown in Fig. 11a.
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SN
A I

Fig. 10.11. Radiation (with in-plane polarization) from (a) a wiggler and (b) an undulator — schematically.

(b)

The situation changes in undulators — similar structures with smaller spatial period A, in which
electron’s velocity vector oscillates with angular amplitude smaller that y'. As a result, the radiation
pulses overlap (Fig. 11b) and the radiation waveform is closer to sinusoidal one. As a result, the
radiation spectrum narrows to central frequency?2

2z 2rc

For example, for the LSNL-II undulators with A = 20 mm, this formula predicts the radiation peak at
phonon energy %ay = 4 keV, in a reasonable agreement with results of quantitative calculations, shown
in Fig. 9.23 Due to the spectrum narrowing, the intensity of undulators radiation is higher that that of
wigglers using the same electron beam.

This spectrum-narrowing trend is led to its logical conclusion in the so-called free-electron
lasers?* whose basic structure is the same as that of wigglers and undulators (Fig. 10), but the radiation
at each beam bend is so intense and narrow-focused that it affects electron motion downstream the
radiation cone. As a result, the radiation of all bends becomes synchronized, so its spectrum is a narrow
line at frequency (70), with EM wave amplitude proportional to the number N of electrons in the
structure, and hence its power proportional to N* (rather than to N as in wigglers and undulators).

Finally, note that wigglers, undulators, and free-electron lasers may be used at the end of linear
electron accelerators (such as SLAC) which, as was noted above, may provide extremely high values of
7, and hence radiation frequencies (70), due to the absence of radiation losses at the electron acceleration
stage.

22 This important formula may be also interpreted in the following way. Due to the relativistic length contraction
(9.20), the undulators period as perceived by beam electrons is A” = A/y, so that the central frequency of radiation
is ay’ = 2mc/A’ = 2mcy A. For the lab-frame observer, this frequency is Doppler-upshifted according to Eq. (9.44):
=o' [(1+ P/ - P)]"* = 2ym’, giving the same result (70).

23 Much of the difference is due to the fact that that those plots show the spectral density of the number of photons
n = &hw per second, which peaks above the density of power, i.e. energy € per second.

24 This name is somewhat misleading, because in contrast to the usual (“quantum”) lasers, the free-electron laser
operation is essentially classical and very similar to that of vacuum-tube microwave generators (such as
magnetrons briefly discussed in Sec. 9.6) — see, e.g., E. L. Salin, E. V. Schneidmiller, and M. V. Yurkov, The
Physics of Free Electron Lasers, Springer, 2000.
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10.4. Bremsstrahlung and Coulomb losses

Surprisingly, a very similar mechanism of radiation by charged particles works at much lower
spatial scale — at their scattering by charges of the ordinary (e.g., condensed) matter - the so-called
bremsstrahlung (German for “brake radiation”).? This effect responsible, in particular, for the
continuous part of the frequency spectrum of the radiation produced by standard vacuum X-ray tubes.

The bremsstrahlung in condensed matter is generally a very complex phenomenon, because at
simultaneous involvement of several particles. Also, quantum electrodynamics effects are also
frequently important. This is why I will give only a very brief glimpse at the theoretical description of
this effect, for the simplest case when scattering of incoming, relatively light charged particles (such as
electrons, protons, a-particles, etc.) is produced by atomic nuclei which remain virtually immobile
during the scattering event (Fig. 12). This is a reasonable approximation if the energy of incoming
particles is not too low, otherwise most scattering is produced by atomic electrons whose dynamics is
substantially quantum — see below.

Fig. 10.12. Basic geometry of the bremsstrahlung
and Coulomb loss problems.

In order to calculate the frequency spectrum of radiation emitted during a single scattering event,
it is convenient to use the byproduct of the last section’s analysis — Eq. (59) with replacement (60):26

()= ! L T% {nlx—(LBxlf)} exp{ia{t’ - n.Tr,j}dt'

dr’c 4rne,

The typical time 7 of a single scattering event, which is described by this formula, is of the order
of ag/c ~ (107" m)/(3x10® m/s) ~ 10™"* s in solids, and only an order of magnitude longer in gases at
ambient conditions. This is why for most frequencies of interest, from zero all the way up to at least soft
X-rays,?” we can use the so-called low-frequency approximation, taking the exponent in Eq. (71) for 1
through the whole collision event, i.e. the integration interval. This approximation immediately yields

2

(10.71)

25 The X-ray radiation due to this effect had been observed experimentally (though not correctly interpreted) by
Nikola Tesla in 1887, i.e. before the radiation was studied in detail and much publicized by Wilhelm Rontgen.

26 In publications on this topic (whose development peak was in the 1920s and 1930s), Gaussian units are more
common, and letter Z is usually reserved for charge multiples in units of the fundamental charge: ¢ = =ze. This is
why, in order to avoid confusion, in this section I will use 1/gc = Z, for the wave impedance and, still sticking to
the same SI units as used through my lecture notes, will write the coefficients in such a form which makes the
transfer to the Gaussian units trivial: it is sufficient to replace all (gq /4 7&)s1 With (¢¢ )Gaussian-

27 A more careful analysis, taking into account the relativistic factor (1 - B-n) which is (as was discussed in the
last section) is hidden inside the retarded exponent, shows that this approximation is actually quite reasonable up
to much higher frequencies of the order of /7.
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2

Ho)=— L [nx(0xBy)_nx(nxp,)

=— (10.72)
4r c47rgo‘ 1-Bg -1 1-B..-n
In the nonrelativistic limit (Sni, Sin << 1), this expression in reduced to?8
2 2
Hw)=—" 4 2 —sin’ 4. (10.73)

4w dnle, mic
where Q is the momentum transferred from the scattering center to the scattered charge (Fig. 12):
Q=p — P = mAu=mcAp = mc(ﬂﬁn - ﬁini)’ (10.74)
and @is the angle between vector Q and direction n toward the observer.

The most important feature of result (73) is the frequency-independent (“white”) spectrum of
radiation, very typical for any rapid leaps which may be approximated as theta-functions of time. (Note,
however, that this is only valid for a fixed value of Q, so that the statistics of this parameter, to be
discussed in a minute, “colors” the radiation.) Note also the angular distribution of the radiation,
forming the usual “doughnut” shape about the momentum transfer vector Q. In particular, this means
that in typical cases when Q ~ p, the bremsstrahlung produces a significant radiation flow back to the
particle source — the fact significant for the operation of X-ray tubes.

Now integrating over all wave propagation angles, just as we did for the instant radiation power
in Sec. 8.2, we get the spectral density of their full power,

2

d€ 2 ¢ 0
—— = ¢I(wPQ = . 10.75
§ (a)y 37Z'C 472'26‘0 mZC3 ( )

4

The main new feature of bremsstrahlung, as any scattering problem, is the necessity to use
statistics over all possible values of the impact parameter » (Fig. 12) which is unknown for any
particular scattering event. For elastic (fni = fin = f) Coulomb collisions we can use the so-called
Rutherford formula for the differential cross-section of scattering??

2 2
do _| 44’ ! L (10.76)
dQ' \4ne, ) \2pcB ) sin* (9’ / 2)

Here do = 27bdb is the elementary area of the sample cross-section (as visible from the direction of
incident particles) corresponding to particle scattering into an elementary body angle30

dQ' =27sin@do]. (10.77)

Differentiating the geometric relation which is evident from Fig. 12,

28 Evidently, this result (but not Eq. (72)!) may be derived from Eq. (8.27) as well.

29 See, e.g., CM Eq. (3.72) with appropriate interaction constant « = qq /4 7&. In the form used in Eq. (76), the
formula is also valid for small-angle scattering of relativistic particles, the criterion being | AB | <<2/ 7.

30 Angle @’ and differential dQ’, describing the direction of scattered particles, should not be confused with & and
dQ describing directions of the radiation emitted at the scattering event.
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Q:2psin%, (10.78)
we may present Eq. (10.76) may be presented in a more convenient form
2
4o _g [ 99" | 1 (10.79)
dQ dre, ) u Q
Now combining Egs. (75) and (79), we get
2 ] 2
_dedo 16 g [ g¢" | 1 1 (10.80)
do dQ 3 4re,\ 4dnsymc™ ) cf~ O

This product is called the differential radiation cross-section. When integrated it over Q (which
is equivalent to integration over the impact parameter), it gives a convenient measure of radiation
intensity. Indeed, after the multiplication by the volume density # of independent scattering centers, the
integral gives particle’s energy loss by unit bandwidth of radiation by unit path length, -d”€/dwdx. A
technical problem here is that the integral of 1/Q formally diverges at both infinite and zero values of Q.
However, these divergences are very weak (logarithmic), and the integral converges due to any reason
unaccounted for by our simple analysis. The standard simple way to account for these effects is to write

2 2 b
e 16, 4 ( 94 J L Lo (10.81)

Cdode 3 dre,\ dme,me® ) cB’ Q..

and then plug, instead of Omax and Omin, scales of the most important effects limiting the small
momentum range. At classical analysis, according to Eq. (78), Omax = 2p. To estimate Qnin, let us note
that very small momentum transfer takes place when the impact parameter b is very large and hence the
effective scattering time 7 ~ b/v is very long. Recalling the condition of the low-frequency
approximation, we may associate Omin With 7 ~ 1/@ and hence with b ~ ur ~ v/@. Since for the small
scattering angles, O may be estimated as the impulse F7 ~ (gq /4n&b®) 7 of the Coulomb force, so that
Omin ~ (qq 147 &) w/u’, and Eq. (81) becomes

2 2 2 3

! 4re, 2

LR P M (N A Y e (10.82)
dodx 3 4ns,\ dngyme” ) cff qq'®w

This is Bohr’s formula for classical bremsstrahlung. We see that the low momentum cutoff
indeed makes the spectrum colored, with more energy going to lower frequencies. There is even a
formal divergence at @ — 0; however, this divergence is integrable, so it does not present a problem in
finding the total energy radiative losses (-d&/dx) as an integral of Eq. (82) over all radiated frequencies.
A larger problem for this procedure is the upper integration limit, @ — oo, at which the integral diverges.
This means that our approximate description, which neglects considers the collision as an elastic
process, becomes wrong, and needs to be amended by taking into account the difference between the
initial and final kinetic energies of the particle due to radiation of the energy quantum %@ of the emitted
photon:

2 2
Pii P _yp. (10.83)
2m  2m
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As a result, taking into account that the minimum and maximum values of Q correspond to, respectively,
the parallel and antiparallel alignments of vectors pini and pgin, we get

2 1/2 1/2 P
Qmax :lnpini +pﬁn :ln(pini +pﬁn) :ln [T +(T_ha)) ] . (1084)

In S >
Qmin pini _pﬁn pini _pﬁn ha)

Plugged into Eq. (81), this expression yields the so-called Bethe-Heitler formula for quantum
bremsstrahlung.3! Note that at this approach, On.x is close to that of the classical approximation, but

Omin~ holu, so that

min | classica aZZ'
Oni| e @22 (10.85)
Qmin quantum 'B
where z and z” are particles’ charges in units of e, and « is the fine structure constant:
2 2
e e 1
a= |SI = Gaussian ~ 1 4o <<1. (1086)
4re,he 4re,he 137

For most cases of practical interest, ratio (85) is smaller that 1, and since we have to keep the highest
value of Onin, the Bethe-Heitler formula should be used.

Now nothing prevents us from calculating the total radiative losses of energy per unit length:

o 2 2 ' 2 Bpax /2 N 1/2
L | 99 | Lol r If“)) do,
o\ dwdz drsyme” ) B 0 (ha))

3 4ng,c
where fidmax = T 1s the maximum energy of the radiation quantum. By introducing the dimensionless
integration variable &= Za/T = 2/iw/(mu’/2) this integral is reduced to the table one,?2 and we get

€ 16 ¢’ Y 1w 16 g7 A
e | -2, 1 1 _. (10.88)
dx 3 Adnme,c\dnsyme™ ) B h 3 \dnmghc \ dre, ) mc
In my usual practice, I would give an estimate of the losses for a typical case; however, let me
first compare them to a parallel mechanism, the so-called Coulomb losses, due to the impulse given by
the scattered particle to the scattering center. (This energy eventually goes into the increase of the

thermal energy of the scattering matter.) Using Eqgs. (9.139) for the electric field of a linearly moving
charge, we can readily find the momentum it transfers to charge ¢’:33

(10.87)

+00

[(p),at

—00

1 te )
] P =912 (1089)
4re, 7@([,2 +72u2t2) 4re, bu

Ap'=|(ap"),| = Tq’Eydt

31 The modifications of this formula necessary for the relativistic case description are surprisingly minor - see,
e.g., Chapter 15 of J. D. Jackson, Classical Electrodynamics, 3 ed., Wiley 1999. For more detail, the standard
reference monograph on bremsstrahlung is W. Heitler, The Quantum Theory of Radiation, 3" ed., Oxford U. Press
1954 (reprinted in 2010 by Dover).

32 See, e.g., MA Eq. (6.13).

33 According to Eq. (9.139), E. =0, and the net impulse of the longitudinal force ¢ E, is zero.
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Hence, the kinetic energy acquired by the scattering center (i.e. the loss of energy of the incident
particle) is

(ap)’ [ qq'
“AE = - e

2
2 . (10.90)
2m' dre, ) m

Such losses have to be summed up over all collisions, with random values of the impact
parameter b. At the charge concentration n per unit volume, the number of collisions per small path
length dz per small range db is dN = n2zbdbdx, so that

2 bmax ! 2
N I I I L B N e UX 1)
dx dre, ) m'u . b dre, ) m'u b

min

S

min

Here the logarithmic integral over b was treated similarly to that over Q in the bremsstrahlung
theory. This approach is adequate, because the ratio Hmax/bmin 1s much larger than 1. Indeed, bmin may be
estimated from (Ap )max ~ p = ymu. For this value, Eq. (89) with ¢ ~ g gives buin ~ 7. (see Eq. (8.41) and
its discussion), which is, for elementary particles, of the order of 10"°m. On the other hand, for the most
important case when charges ¢’ are electrons (which, according to Eq. (91) are the most efficient
Coulomb energy absorbers, due to their extremely low mass m’), bn.x may be estimated from condition
T = b/yu ~ 1/ Wmax, Where Omax ~ 10'® 57! is the characteristic frequency of electron transitions in atoms.
(Below this frequency, our classical analysis of scatterer’s motion is wrong.) From here, we have the
estimate byax ~ )1/ Omax, SO that3*

b
B=m M (10.92)
b.. T,

min

for y~ 1 and u ~ ¢ = 3x10° m/s giving by ~ 3x10™* m, and B ~ 10° (give or take a couple orders of
magnitude — this does not change the estimate InB ~ 20 too much).

Now we can compare the Coulomb losses (89) with those due to the bremsstrahlung, given by
Eq. (88):

—d&
-d€

radiation

L (10.93)

m' _,
~azz'—f
m

Coulomb

Since a ~ 107 << 1, for nonrelativistic particles (8 << 1) the Coulomb losses are much higher, and only
for ultrarelativistic particles, the relation may be opposite.

34 A quantum analysis (carried out by H. Bethe in 1940) replaces, in Eq. (89), InB with

2y mu’® 2
o)

where (w) is the average frequency of the atomic quantum transitions weight by their oscillator strength. It is
clear that this refinement does not change the estimate given below. Note that both the classical and quantum
formulas describe, a fast increase (as 1/f) of the energy loss rate (-d€/dz) at y — 1 and its slow increase (as Iny) at
Y — o, so that the losses have a minimum at y- 1 ~ 1.
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According to Eq. (91), for electron-electron scattering (¢ = g’ = -e, m’ = m,),>> at the value n
6x10%° m™ typical for air at ambient conditions, the characteristic length of energy loss,
T

[ =F7—, 10.94
“ " (~dE&/dx) (1059)

for electrons with kinetic energy 7 = 6 keV is close to 2x10™ m = 0.2 mm. (This is why you need
vacuum in CRT displays and electron microscope columns!) Since /. oc 7%, more energetic particles
penetrate deeper (until the bremsstrahlung steps in at very high energies)..

10.5. Density effects and the Cherenkov radiation

For condensed matter, the Coulomb loss estimate made in the last section is not quite suitable,
because it based on cutoff hax ~ 1t/ max. For the example given above, incoming electron velocity u is
close to 5x10’ m/s, and for the typical value @max~ 10 s-1 (h@max ~ 10 eV), this cutoff b,y ~ 5%x10° m
= 5 nm. Even for air at ambient conditions, this is larger than the average distance (~ 2 nm) between
molecules, so that at the high end of the impact parameter range (b ~ bmax), the Coulomb loss events in
adjacent molecules are not quite independent, and the theory needs corrections. For condensed matter,
with much higher particle density #n, most collisions satisfy condition

nb®> >>1, (10.95)

and the treatment of Coulomb collisions as independent events is completely unacceptable. However,
condition (95) enables the opposite approach: treating the medium as a continuum. In the time domain
approach, used in the previous sections of this chapter, this would be a very complex problem, because
it would require an explicit description of medium dynamics. However, the frequency-domain approach,
based on the Fourier transform, in both time and space, helps a lot, if functions & @) and () are
considered known - either calculated or taken from experiment. Let us have a good look at such
approach, because it gives some interesting (and practically important) results.

In Chapter 6, we have used the macroscopic Maxwell equations to derive Egs. (6.101) which
describe the time evolution of potentials in a medium with frequency-independent ¢ and u. Looking for
all functions in the form of plane-wave expansion3®

S0 = [d'k[daf, &€, (10.96)
and requiring all coefficients at similar exponents to be balanced, we get

[k —oreulp,, =

. e -oadA,, = ui .. (10.97)

As was discussed in Chapter 7, in this Fourier form, the Maxwell equations remain valid even for the
dispersive media, so that Eq. (97) is generalized as

35 Actually, the above analysis has neglected the change of momentum of the incident particle. This is legitimate
at m’ << m, but for m = m’ the change approximately doubles the energy losses. Still, this does not change the
order of magnitude of the estimate.

36 All integrals here and below are in infinite limits, unless specified otherwise.
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pk,w
&(w)’

The evident advantage of such equations is that their formal solution is trivial:

> - () (@) gy, = [ - (@ u@)A,, = u®) j., (10.98)

Pxo D) jy
k,w = 2 ,2 ’ Ak,(u = P P - s 1099
P = @ — o e(@m@)] > — o s(@) (o) (1959

so that the “only” remaining things to do is to calculate the Fourier transforms of functions o(r, 7) and
j(r, 1), using the transform reciprocal to Eq. (96), with one factor 1/2z per each scalar dimension,

fk,a}

—i(kr— a)t)
(2 . rfdif (x,0e (10.100)

(where all limits are infinite), and than carry out the integration (96).
For our current problem of a single charge ¢, uniformly moving in the medium with velocity u, 37
pr,t)=qo(r—ut), jr,t)=qud(r—ut)=up(r,t), (10.101)
the first task is easy,

- dt qo(r —up)e ' ®re) - _4__flekuy 95 -k-u); (10.102
Pro (2 rfdt g5(r —ut) e o ); (10.102)
absolutely similarly,
. qu
— S(w—-kK-u). 10.103
Jk,(u (27[)3 ( ) ( )
Let us summarize what we have got by now, plugging Egs. (102) and (103) into Egs. (99)
ho= iy QKW g o1 MO ) g, (10104

Qr) s - e@u@)] T Qr) | -odou@)]

Now, at the last step of calculations, namely integration (96), we are starting to pay heavy price
for the easiness of the first steps. This is why let us think well what exactly do we need from it. First of
all, for the calculation of power losses, the electric field is more convenient to use than the potentials, so
let us calculate the Fourier images of E and B. Plugging expansion (96) into relations (6.98), we get

Ek,a) = _ik¢k,a) + iwAk,a) = l[a)e‘(a)),u(a))u - k] ¢k,w’ Bk,w =ik x Ak,a) = le(a)),u(a))k x u¢k,w : (10 105)
so that integral (96) is

E(r.0) = [d’k[doE, """ - (27r) j k[ do [ws(w) (@) —k]|5(w -k -u)

s(@)k* - 0’ s(0)u(w)|

S KT=0D - (10.106)

37 As was discussed in Sec. 7.2, the Ohmic conductivity o (generally, also a function of frequency — see, e.g., Eq.
(7.44)) may be readily incorporated into the dielectric permittivity: & @) — &d @) +tio(w)/w. In this section, I will
assume that such incorporation, which is especially natural for the high frequencies, has been performed, so that
the current density j(r, t) describes only stand-alone currents — in our case, that of the incident particle.
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Following Eq. (51), this integral may be partitioned as

E(r.0)=[E, e do, E,=[E, " d'k- iq_los(@u@u-kp@-k v T 43k (10.107)
| Qr)? s -0’ s@)u))

Let us calculate the Cartesian components of the partial Fourier image E,, at a point separated
by distance b from particle’s trajectory. Selecting the coordinates and time origin as shown in Fig. 9.11a,
we have r = {0, b, 0}, so that only £, and E, are not vanishing.38 In particular, according to Eq. (107),

we(o)u(ou —k

kb
L S(w—kuye . (10.108)

(E.), = —.[dk .[dk Idk — 0’ (o) u(w)

(27)’ ()
The delta-function kills one integral (over k,) of three, and we get:

kb dk
’ dkj z . (10.109)

Ytk + kI -0’ s(w) u(w)

__ g _ @
Edo = Grieiom [we(w)ﬂ(w)u , } [e

The last integral (over k) may be readily reduced to the table integral [d&(1 + &), in infinite limits,
equal to 7.3° The result may be presented as

_ ikyb
i e
E), =- dk , 10.110
. (2r)’ we(w) '[ (kj + i’ )1/2 ’ ( :
where parameter x (generally a complex function of frequency) is defined as
K’ za)z(uiz—e(a))u(a))j. (10.111)
The last integral may be expressed via the modified Bessel function of the second kind:40
. 2
iquk
E), =——FK,(xD). 10.112
( x)a) (27[)26()8(0)) 0( ) ( )
A similar calculation yields
qK
E), =—K, (xb). 10.113

Now, instead of rushing to make the final integration (107) over frequency to calculate E(?), let
us realize that what we need for power losses is only the total energy loss through the whole time of
particle passage. Energy loss per unit volume is

_d_‘;:jj.m, (10.114)

38 Note that in comparison with notation of the last section, axes x and z are now swapped.

39 See, e.g., MA Eq. (6.15).

40 As a reminder, the main properties of these functions are listed in Sec. 2.5 of these notes — see, in particular,
Fig. 2.20 b and Egs. (157)-(158).
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where j is the current of bound charges in the medium, and should not be confused with the free particle
current (101). This integral may be readily expressed via the partial Fourier image E,, and the similarly
defined image j ., just as it was done at the derivation of Eq. (54):

——_jdtjdwe " [dwe™ "}, B, =2x[do[do'j, B, 5@+ o) =2x[], -E_do. (10.115)

In our approach, the Ohmic conductance is incorporated into the complex permittivity & w), so that,
according to the discussion in the end of Sec. 7.2, current’s Fourier image is

j, =0, (@E, =—-ive(w)E, . (10.116)

@

As aresult, Eq. (113) yields

dE . T
oy —Zﬂzjg(a))Ew ‘E_ odw=4r Im!g(a))E

(10.117)

(The last transition is possible due to the property &(-w) = £*(w) which was discussed in Sec. 7.2.)

Finally, just as in the last section, we have to calculate the energy loss rate averaged over random
values of the impact parameter b:

_a¢ j( jzb 2 j( }ydb 82jbdbjﬂ

Note that we are cutting the resulting integral over b from below at some by, where our theory looses
legitimacy. (On that limit, we are not doing anything better than in the previous section). Plugging in the
calculated expressions (112) and (113) for field components, swapping the integrals, and using recurrent
relations (2.143), which are common for any Bessel functions, we finally get the result:

ds 2 )Kl (K*bmin )KO (K*bmin ) da) .
dx we(w)

i)lm e(0)wdo . (10.118)

Imj(;c b (10.119)

min

This result is valid for an arbitrary linear medium, with arbitrary dispersion relations & @) and
H(w). (The last function participates in Eq. (119) via parameter « - see Eq. (111)). To get more concrete
results, we should use some particular model of the medium. Let us use the model of independent
harmonic oscillators, which was used in Sec. 7.2 for the discussion of dispersion and attenuation of
plane waves, in its modification suitable for transition to quantum-mechanical description of atoms:

12
nq f
=1, a): ) 10.120
o) 25 1,1 )= (10.120)

e(w)=¢,+

If the damping of the effective atomic oscillators is low, §; << @, and particle’s velocity is much lower
than the typical EM wave’s phase velocity v (and hence c!), then for most frequencies

1 1 w’
K? Ea){u—z—%jzu—z, (10.121)

i.e. Kk = k* = w/u is real. In this case, Eq. (117) may be shown to give Eq. (91) with
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p = L123u
(@)
Good news here is that both approaches (the microscopic analysis of Sec. 4 and the macroscopic
analysis of this section) give essentially the same result. This fact may be also perceived as bad news:
the account of the density effects here did not give any new results. The situation somewhat changes at
relativistic velocities at which the density effects may provide noticeable corrections, reducing the
energy loss estimates. Another effect is, however, much more important. Indeed, let us consider the

dependence of the electric field components on distance b. If x* > 0, then « is real, and we can use the
asymptotic formula (2.158),

(10.122)

1 1/2 _5 .
K,l(f)%(zgj e, atg—>oo, (10.123)

to conclude that the complex amplitudes £, of both components Ex and Ey of the electric field decrease

exponentially, starting from b ~ u/(@). However, let us consider what happens at frequencies where x* <
0,i.e.!

! i<i=goyo. (10.124)

H@u@) =5 <<

(This condition means that particle’s velocity is larger than the phase velocity of waves, at this particular
frequency.) In these intervals, « is purely imaginary, functions exp{xb} become just phase factors, and

1
bl/2 :
This means that the Poynting vector drops as 1/b, so that its flux through a surface of a round cylinder of

radius b, with the axis on the particle trajectory (i.e. power flow), does not depend on b. Hence, this is
EM wave radiation — the famous Cherenkov radiation.*?

E (o) % |E, (@) = (10.125)

The direction of its propagation may be readily found taking into account that at large distances
from particle’s trajectory the emitted wave has to be locally plane, so that the Cherenkov angle 8 may
be found from the ratio of the field components (Fig. 13a):

E
tand = ——*. (10.126)
E

y

This ratio may be calculated by plugging the asymptotic formula (123) into Eqgs. (112) and (113) and
taking their ratio:

2
u

v (@)

v(w)

.
tanf =~ = _ ey (o -1 :[ <1.  (10.127)
w

y

1/2
—lj , l.e.cosd=

u

41 Strictly speaking, this inequality does not have sense for a medium with complex & w)u(w), but in a typical
medium where particles can propagate, the imaginary part of the product only in very narrow frequency intervals,
much more narrow that the intervals which we are now discussing.

42 1t was observed experimentally by P. Cherenkov (in older Western texts, “Cerenkov™) in 1934 and explained
(by L. Frank and E. Tamm) in 1937.
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Remarkably, this direction does not depend on the emission instant #°, so that radiation of
frequency @, at each instant, forms a hollow cone led by the particle. This simple result allows an
evident interpretation (Fig. 13b): the cone is just the set of all observation points which may be reached
by “signals” propagating with speed v(®) < u from all previous points of particle’s trajectory.

(a) (b)

0 ut

0 X

Fig. 10.13. (a) The Cherenkov radiation propagation angle &, and (b) its interpretation.

This phenomenon is closely related to shock waves, and especially to the so-called Mach cone,
in fluid dynamics, besides that in the Cherenkov radiation there is a separate cone for each frequency (of
the range in which v(w) < u): the smaller 1s the & )u(w) product, i.e. the larger is wave velocity v(w) =
[l o)u( ®)]"?, and the broader is the cone, i.c. the earlier the corresponding “shock wave” arrives to an
observer. Please note that the Cherenkov radiation is a unique radiative phenomenon: it takes place even
if a particle moves without acceleration, and (in agreement with our analysis in Sec. 2, i1s impossible in
free space where v = c is always larger than u.

The intensity of the Cherenkov radiation intensity may be also readily found by plugging the
asymptotic expressions (119), with imaginary x, into Eq. (119). The result is

_d_gz(z_€j | Q(I_Ljdw_ (10.128)
dx \4r) 2 s(o)u(w)

For nonrelativistic particles (# << c¢), the Cherenkov radiation condition # > v(®) may be fulfilled only
in narrow frequency intervals where the product & w)u(w) is very large (usually, due to optical
resonance peaks of the electric permittivity — see Fig. 7.5 and its discussion). In this case the emitted
light is nearly monochromatic. On the contrary, if the condition u > v(®), i.e. u*/& @) (@) > 1 is fulfilled
in a broad frequency range (as it is for ultrarelativistic particles in condensed media), the radiated power
is clearly dominated by higher frequency of the range — hence the bluish color of the Cherenkov
radiation glow from water nuclear reactors— see Fig. 14.

The Cherenkov radiation is broadly used for the detection of radiation in high energy
experiments for particle identification and speed measurement (since it is easy to pass particles through
media of various density and hence of the dielectric constant) — for example, in the so-called Ring
Imaging Cherenkov (RICH) detectors which have been designed for the DELPHI experiment*? at the
Large Electron-Positron Collider (LEP) in CERN.

43 See, e.g., http:/delphiwww.cern.ch/offline/physics/delphi-detector.html. For a broader view at radiation
detectors (including Cherenkov), the reader may be referred to the classical text by G. F. Knoll, Radiation
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Fig. 10.14. The Cherenkov radiation glow coming from the
Advanced Test Reactor of the Idaho National Laboratory.
From http://en.wikipedia.org/wiki/Cherenkov_radiation .

A little bit counter-intuitively, the formalism described in this section is very useful for the
description of an apparently rather different effect - the so-called transition radiation which takes place
when a charged particle crosses a border between two media.** The effect may be understood as result
of the time dependence of the electric dipole formed by the moving charge and its mirror image in the
counterpart medium — see Fig. 16. In the nonrelativistic limit, the effect allows a straightforward
description combining the electrostatics picture of Sec. 3.4 (see Fig. 3.9 and its discussion), and Eq.
(8.27) slightly corrected for polarization effects of the media. However, if particle’s velocity u is
comparable with the phase velocity of waves in either medium, the adequate theory of the transition
radiation becomes very close to that of the Cherenkov radiation.

q q'
o—» PR ]
N A J
Y he Fig. 10.16. Physics of the transition
d(t) d(t) radiation.

In comparison with the Cherenkov radiation, the transition radiation is rather weak, and its
practical use (mostly for the measurement of the relativistic factor y, to which the radiation intensity is
proportional) requires multi-layered stacks.#> In these systems, the radiation emitted at sequential
borders may be coherent, and the system’s physics becomes close to that of undulators.

Detection and Measurement, 4™ ed., Wiley, 2010, and a newer treatment by K. Kleinknecht, Detectors for
Particle Radiation, Cambridge U. Press, 1999.

44 The effect was predicted theoretically in 1946 by V. Ginzburg and 1. Frank, and only then observed
experimentally.

45 See, e.g., Sec. 5.3 in K. Kleinknecht’s monograph cited above.
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10.6. Radiation’s back-action

An attentive reader could notice that so far our treatment of charged particle dynamics was never
fully self-consistent. Indeed, in Sec. 9.6 we have analyzed particle’s motion in various external fields,
ignoring the fields radiated by particle itself, while in Sec. 8.2 and earlier in this chapter we have
calculated these fields (for several simple cases), but, again, ignored their back-action on the particle.
Only in few cases, we have taken the back effects of the radiation implicitly, via the energy
conservation. However, even in these cases, the near-field components of the fields, which affect the
moving particle most (such as the first term in Eq. (20a)), have been ignored.

At the same time, it is clear that generally the interaction of a point charge with its own field
cannot be ignored. As the simplest example, if electron is made to fly through a resonant cavity, thus
inducing oscillations in it, and then is forced to return to it before the oscillations decay, its motion will
be certainly affected by the oscillating fields, just as if they had been induced by another source. (Fields
do not carry any “birth mark™.) There is no conceptual problem with the Maxwell theory application to
such “field-particle rendezvous” effects; moreover, it is the basis of engineering design of such electron
devices as klystrons, magnetrons, and undulators.

The problem arises when no finite “rendezvous” point is enforced by boundary conditions, so
that the most important self-field effects are at R — 0, the most evident example being the radiation of
particle in free space, described earlier in this chapter. We already know that radiation takes away a part
of charge’s kinetic energy, 1.e. has to cause its deceleration. One should wonder, however, whether such
self-action effects might be described in a more direct, non-perturbative way.

As the first attempt, let us try a phenomenological approach based on the already derived
formulas for radiation power &. For the sake of simplicity, let us consider a nonrelativistic point charge
q in free space, so that & is described by Eq. (8.27), with electric dipole moment’s derivative over time
equal to qu:

Z 2 2 2
04q 0? = q 0l

P = = 10.129
67’ 3¢’ 4re, ( )
The most naive approach would be to write the equation of particle’s motion in the form
mi=F,_ +F_, (10.130)

and try to calculate the radiation back-action force by requiring its instant power, -Fru, to be equal to
&. However, this approach (say, for 1D motion) would give a very unnatural result,

.2
Flp ot (10.131)
u

which may diverge at some points of particle’s trajectory. This failure is clearly due to the retardation
effect: as we know Eq. (129) results from the analysis of radiation fields at large distances from the
particle, e.g., from the second term in Eq. (20a), i.e. when non-radiative first term (which is much larger
at R — 0) is ignored.

Before pursuing term, let us, however, make one more try with Eq. (129), considering its
average effect on some periodic motion of the particle. To calculate the average, let us write
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_ lT
L2 .
i :?ju udt, (10.132)

0

and integrate this identity, over the motion period by parts:

T T 2
P fiiwr L2 g (10133)
0 9 T+ 3c” 4rg,

One the other hand, the back-action force would give

_ 1L
n = —_—— .
9= T!Fmd ud. (10.134)
These two averages coincide if*
2 g .
F ,=— . 10.135
<3¢ 4re, ( )

This is the so-called Abraham-Lorentz force for self-action. Before going after a more serious
derivation of this formula, let us estimate its scale, presenting Eq. (135) as

" 2 4
Fself =mm, 7= 3 1 ?
3mc” 4re,

(10.136)

where constant 7 evidently has the dimension of time. Recalling definition (8.41) of the classical radius
r. of the particle, we can present 7 as

r=2l, (10.137)

For an electron, 7is of the order of 102 5. This means that in most cases the Abrahams-Lorentz force is
either negligible or leads to the same results as the perturbative treatments of energy loss we have used
earlier in this chapter.

However, Eq. (136) brings unpleasant surprises. For example, let us consider a 1D oscillator of
eigenfrequency ay. For it, Eq. (130), with the back-action force given by Eq. (136), is

mi+maoex=mr¥x. (10.138)

Looking for the solution to this linear differential equation in the usual exponential form, x(f) oc
exp{At}, we get the following characteristic equation,

Prwl =1, (10.139)

46 This formula may be readily generalized to the relativistic case:

po _ 2 @ |d’p”  p° (dpydp”
< 3mc? dre, | dr*  (me)*\ dr dr ||

(the so-called Abraham-Lorentz-Dirac force).
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It may look like that for any “reasonable” value of @y << 1/z ~ 10* s, the right-hand side of this
nonlinear algebraic equation may be treated as a perturbation. Indeed, looking for its solutions in the
natural form A = +iay + A7, with | 17| << e, expanding both parts of Eq. (139) in the Taylor series in
small parameter 4’, and keeping only linear terms, we get

2
w,T
2

A= — (10.140)
This means that the energy of free oscillations decreases in time as exp{24’t} = exp{-an’7 t}; this is
exactly the radiative damping analyzed earlier. However, Eq. (139) is deceiving; it has the third root
corresponding to unphysical, exponentially growing (so-called run-away) solutions. It is easiest to see
for the free particle, with ay = 0. Then Eq. (139) becomes very simple,

A=k, (10.141)

and it is easy to find all its 3 roots explicitly: A, = A, = 0 and A3 = 1/7.. While the first 2 roots correspond
the values A; found earlier, the last one describes exponential (and extremely fast!) acceleration..

In order to reduce this artifact, let us try to develop a self-consistent approach to back action,
taking into account near-field terms of particle fields. For that, we need somehow overcome the
divergence of Egs. (10) and (20) at R — 0. The most reasonable way is to spread particle charge over a
ball of radius scale a, with a spherically-symmetric (but not necessarily constant) density p(r), and in the
end of calculations trace the limit ¢ — 0.47 Again sticking to the non-relativistic case (so that the
magnetic component of the Lorentz force is not important), we should calculate

= j p(ME,0)dr, (10.142)

where the electric field is that of the particle itself, with field of any elementary charge dg = p(r)d'r,
described by Egs. (20a).

In order to make analytical calculations doable, we need to make assumption a << r,, treat ratio
R/r. ~ alr. as a small parameter, and expand the result in the Taylor series in R. This procedure yields

1 D" d" e s e =
of =—— E d’r|d’r'p(r)R" p(r'). 10.143
self 3 47[(90 “ Ocn+2n' dtn+l J‘ }[ p( ) p( ) ( )
Distance R cancels only in the term with n =1,
2
d’r'p(r)p(r') = u, 10.144
F=5 j PP = (10.144)

and we see that we have recovered (now apparently in a legitimate fashion) Eq. (135) for the Abrahams-
Lorentz force. One could argue that in the limit ¢ — 0 the terms higher in R ~ a (with n > 1) could be
ignored. However, we have to notice that the main contribution to Fs is not (144), but the term with n
=0:

47 Note: this is not a quantum spread due to the finite extent of the wavefunction. In quantum mechanics, parts of
wavefunction of the same charged particle do not interact with each other!
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oo 21 Ljdarjde:_ilL d3rjd3rvp(r)p(”:_ T GU. (10.145)
V 7 R R 3c

3 4re, ¢’ 3¢ 8ngy sy

which may be interpreted as the inertial “force” with the effective electromagnetic mass
_4U
3¢
This is the famous (or rather infamous :-) 4/3 problem which does not allow to interpret the
electron’s mass as that of its electric field. The (admittedly, very formal) resolution of this paradox is
possible only in quantum electrodynamics with its renormalization techniques, beyond the framework of
this course. Notice that these issues are only important for motions with frequencies of the order of 1/7~

107 s, i.e. at energies € ~ 7/~ 10" J ~ 10% eV, while other quantum electrodynamics effects may be
observed at much lower frequencies, starting from ~10'" s Hence the 4/3 problem is by no means the
only motivation for the transfer from classical to quantum electrodynamics.

mef

(10.146)

However, the reader should not think that his or her time spent on this course has been lost: the
quantum electrodynamics incorporates virtually all of classical electrodynamics results, and transition
between them is surprisingly straightforward.*8

48 See, e.g., QM Chapter 8 and references therein.
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